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Abstract. This note is about an old conjecture of Voisin, which concerns zero-cycles
on the self-product of surfaces of geometric genus one. We prove this conjecture for sur-
faces with pg = 1 and q = 2.
1. Introduction
For X a smooth projective variety over C, let AjX denote the Chow groups of codi-
mension j algebraic cycles on X modulo rational equivalence. For varieties of dimension
larger than 1, the Chow groups are still incompletely understood. For example, there is the
famous conjecture of Bloch:
CONJECTURE 1.1 (Bloch [7]). Let S be a smooth projective complex surface. The
following are equivalent:
(i) the Albanese morphism A2(S) → Alb(S) is injective;
(ii) the geometric genus pg (S) is 0.
The implication from (i) to (ii) is actually a theorem [25], [9]. The conjectural part is
the reverse implication, which is wide open for surfaces of general type (cf. [8], [29] for
cases where conjecture 1.1 is verified).
The next step is to consider surfaces S with pg = 1. Here, the Albanese kernel A2AJ (S)
is huge (it is “infinite-dimensional”, in a certain sense [25]). Yet, at least conjecturally, this
huge group has controlled behaviour on the self-product:
CONJECTURE 1.2 (Voisin [39]1). Let S be a smooth projective complex surface.
The following are equivalent:
(i) For any a, a′ ∈ A2AJ (S), we have
a × a′ = a′ × a in A4(S × S) .
(ii) the geometric genus pg (S) is ≤ 1.
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1To be precise, conjecture 1.2 is not stated verbatim in [39]. Conjecture 1.2 is, however, close in spirit to [39];
for instance, in case q(S) = 0 conjecture 1.2 coincides with [39, Section 3 conjecture (*)].
121
122 R. LATERVEER
Again, the implication from (i) to (ii) is actually a theorem (this can readily be proven
à la Bloch-Srinivas [9]). The conjectural part is the reverse implication. This has been
proven in some special cases [39], [23], but is still wide open for a general K3 surface.
The aim of this modest note is to exhibit some more examples of surfaces verifying
conjecture 1.2. The main result states that conjecture 1.2 is verified for the surfaces men-
tioned in the title:
THEOREM (=theorem 3.1). Let S be a smooth projective surface with pg (S) = 1
and q(S) = 2. Let a, a′ ∈ A2AJ (S). Then
a × a′ = a′ × a in A4(S × S) .
This result is proven by reduction to the case of abelian surfaces, where the conjecture
is known to hold by work of Voisin [42]. This reduction step can be made thanks to the
theory of finite-dimensional motives developed by Kimura and O’Sullivan [22], [1]. As a
corollary to theorem 3.1, a certain instance of the generalized Hodge conjecture is verified
on S × S (corollary 3.5).
The last section of this note is about decomposability of zero-cycles on surfaces with
pg = 1 and q = 2. Here, we raise some questions which we hope might spawn further
research (conjecture 4.3 and remark 4.4).
CONVENTIONS. In this note, the word variety will refer to a reduced irreducible
scheme of finite type over C. The word surface will refer to a smooth projective variety
of dimension 2. As customary, we will write pg (S) := dim H 0(S,Ω2S) for the geometric
genus, and q(S) := dim H 0(S,Ω1S) for the irregularity of a surface.
For a variety X, we will denote by AjX the Chow group of j -dimensional cycles on X;
for X smooth of dimension n the notations AjX and An−jX will be used interchangeably.
The notations Ajhom(X) and A
j
AJ (X) will be used to indicate the subgroups of homo-
logically, resp. Abel-Jacobi trivial cycles. The (contravariant) category of Chow motives
(i.e., pure motives with respect to rational equivalence as in [32], [26]) will be denoted
Mrat. The category of pure motives with respect to homological equivalence will be de-
noted Mhom.
2. Preliminaries
2.1. Finite-dimensional motives
We refer to [22], [1], [17], [20], [26] for the definition of finite-dimensional motive. An
essential property of varieties with finite-dimensional motive is embodied by the nilpotence
theorem:
THEOREM 2.1 (Kimura [22]). Let X be a smooth projective variety of dimension
n with finite-dimensional motive. Let Γ ∈ An(X × X)Q be a correspondence which is
numerically trivial. Then there is N ∈ N such that
Γ ◦N = 0 ∈ An(X × X)Q .
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Actually, the nilpotence property (for all powers of X) could serve as an alternative
definition of finite-dimensional motive, as shown by a result of Jannsen [20, Corollary 3.9].
Conjecturally, any variety has finite-dimensional motive [22]. We are still far from knowing
this, but at least there are quite a few non-trivial examples:
REMARK 2.2. The following varieties have finite-dimensional motive: abelian va-
rieties, varieties dominated by products of curves [22], K3 surfaces with Picard number 19
or 20 [28], surfaces not of general type with vanishing geometric genus [16, Theorem 2.11],
Godeaux surfaces [16], certain surfaces of general type with pg = 0 [41], [3], [29], Hilbert
schemes of surfaces known to have finite-dimensional motive [11], generalized Kummer
varieties [43, Remark 2.9(ii)], 3-folds with nef tangent bundle [18] (an alternative proof is
given in [35, Example 3.16]), 4-folds with nef tangent bundle [19], log-homogeneous vari-
eties in the sense of [10] (this follows from [19, Theorem 4.4]), certain 3-folds of general
type [37, Section 8], varieties of dimension ≤ 3 rationally dominated by products of curves
[35, Example 3.15], varieties X with AiAJ (X) = 0 for all i [34, Theorem 4], products of
varieties with finite-dimensional motive [22].
REMARK 2.3. It is a (somewhat embarrassing) fact that all examples known so far
of finite-dimensional motives happen to be in the tensor subcategory generated by Chow
motives of curves (i.e., they are “motives of abelian type” in the sense of [35]). That is, the
finite-dimensionality conjecture is still unknown for any motive not generated by curves
(on the other hand, there exist many motives not generated by curves, cf. [13, 7.6]).
2.2. The transcendental motive
THEOREM 2.4 (Kahn-Murre-Pedrini [21]). Let S be a surface. There exists a de-
composition
h2(S) = t2(S) ⊕ halg2 (S) ∈ Mrat ,
such that
H ∗(t2(S),Q) = H 2t r (S) , H ∗(halg2 (S),Q) = NS(S)Q
(here H 2t r(S) is defined as the orthogonal complement of the Néron-severi group NS(S)Q
in H 2(S,Q)), and
A∗(t2(S))Q = A2AJ (S)Q .
(The motive t2(S) is called the transcendental motive.)
2.3. Surfaces isogenous to a product
DEFINITION 2.5. Let S be a smooth projective surface. We say that S is isogenous
to a product if S admits an unramified finite covering which is biholomorphic to a product
of two curves, both of genus at least 1.
REMARK 2.6. Surfaces isogenous to a product have been intensively studied by
Catanese and his school, spawning a wealth of interesting concrete examples, cf. [12], [2]
and the (many) references given there.
DEFINITION 2.7 ([12]). Let S be a smooth projective surface. We say that S is
generalized hyperelliptic if S can be written
S = (C × F)/G ,
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where C,F are curves of genus at least 1, and G is a finite subgroup of the product of
automorphism groups of C and F , and C → C/G is unramified and F/G ∼= P1.
REMARK 2.8. Generalized hyperelliptic surfaces are studied in [12] and [44].
3. Main theorem
THEOREM 3.1. Let S be a surface with pg = 1 and q = 2. Let a, a′ ∈ A2AJ (S).
Then
a × a′ = a′ × a in A4(S × S) .
(Here a × a′ is a short-hand for the cycle class (p1)∗(a) · (p2)∗(a′) ∈ A4(S × S), where
p1, p2 denote projection on the first, resp. second factor.)
Proof. First, Rojtman’s theorem [31] says there is no torsion in A4AJ (S × S), and so
it suffices to prove the theorem for Chow groups with Q-coefficients. Next, since pg and q
and A2AJ are birational invariants (of smooth surfaces), we may suppose S is minimal. We
now use the following structural results:
PROPOSITION 3.2 (Ramón Marí [30]). Let S be a minimal surface with pg(S) = 1
and q = 2, and suppose S is not abelian. Then S is isogenous to a product (in particular,
S has finite-dimensional motive).
Proof. [30, Proposition 4.1]. 
PROPOSITION 3.3 (Ramón Marí [30]). Let S be as in proposition 3.2. One of the
following cases occurs:
(i) The Albanese map induces an isomorphism of motives
h(S) ∼= h(Alb(S)) in Mrat .
(ii) The Albanese map sends S to a curve, S is generalized hyperelliptic, and there
exists an isomorphism of motives
t2(S) ∼= t2(A) in Mrat ,
where A is an abelian surface.
Proof. [30, Proposition 4.4] proves that if the Albanese map is surjective, then it
induces an isomorphism of homological motives
h(S) ∼= h(Alb(S)) in Mhom .
Since both sides are finite-dimensional motives, this implies an isomorphism of Chow mo-
tives
h(S) ∼= h(Alb(S)) in Mrat .
Suppose now the Albanese map is not surjective. Then [30, Proposition 4.4] implies
that S can be written
S = (C × E)/G ,
where C is a curve and E is an elliptic curve and E/G ∼= P1. It is also shown in loc.
cit. that C/G is the image of the Albanese map (which is thus a holomorphic fibre bundle
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with fibre E and base C/G). It follows from [12, Theorem F] or, alternatively, from [44,
Proposition 2.3], that S is generalized hyperelliptic. Moreover, [30, Theorem 4.10] proves
the existence of an isomorphism of homological motives
t2(S) ∼= t2(A) in Mhom ,
where A is an abelian surface. Again, finite-dimensionality allows to upgrade to an isomor-
phism of Chow motives. 
We can now wrap up the proof of theorem 3.1. It follows from proposition 3.3 that
there exists an abelian surface A and a correspondence Γ ∈ A2(S × A)Q inducing an
isomorphism
Γ∗ : A2AJ (S)Q
∼=−→ A2AJ (A)Q .
There is a commutative diagram
A2AJ (S)Q ⊗ A2AJ (S)Q
ν−→ A4(S × S)Q
↓ (Γ∗, Γ∗) ↓ (Γ × Γ )∗
A2AJ (A)Q ⊗ A2AJ (A)Q −→ A4(A × A)Q
The restriction
(Γ × Γ )∗ : Imν → A4(A × A)Q
is a split injection (a left inverse is given by (Ψ × Ψ )∗, where Ψ ∈ A2(A × S)Q is a
correspondence inverse to Γ ). It thus suffices to prove conjecture 1.2 is true for A, which
is well-known:
PROPOSITION 3.4 (Voisin [42]). Let A be an abelian variety of dimension g . Let
a, a′ ∈ Ag
(g)(A)Q, where A
∗
(∗) denotes the Beauville filtration [4]. Then
a × a′ = (−1)ga′ × a in A2g(A × A)Q .
This is [42, Example 4.40]. Noting that for an abelian surface A, we have an inclusion
A2AJ (A)Q ⊂ A2(2)(A)Q, this ends the proof. 
As a corollary to theorem 3.1, a certain case of the generalized Hodge conjecture is
verified:
COROLLARY 3.5. Let S be a surface with pg = 1 and q = 2. Then the Hodge
substructure
∧2 := Im
(
∧2H 2(S,Q) → H 4(S × S,Q)
)
is supported on a divisor D ⊂ S × S.
Proof. As noted in [39, Corollary 3.5.1], this kind of result follows from the truth
of conjecture 1.2 by applying the Bloch-Srinivas argument. The idea is to consider the
correspondence
p := (ΔS×S − Γι) ◦ (π2 × π2) ∈ A4(S4)Q
(where π2 denotes the middle Künneth component of S, and Γι denotes the graph of the
involution ι of S × S exchanging the two factors). This correspondence p is a projector on
∧2. For an appropriate choice of π2, there is a decomposition
π2 = πtr2 + πalg2 in A2(S × S)Q ,
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where πtr2 defines the transcendental motive t2(S) of [26]. This induces a decomposition
of the correspondence p:
p = (ΔS×S − Γι) ◦ (πtr2 × πtr2 + πtr2 × πalg2 + πalg2 × πtr2 + πalg2 × πalg2 ) ∈ A4(S4)Q .
Clearly, the 3 summands containing πalg2 project H 4(S × S) to something supported on a
divisor (indeed, πalg2 ⊂ S × S is supported on a product of divisors, by construction [26]).
It only remains to analyze the first summand
ptr := (ΔS×S − Γι) ◦ (πtr2 × πtr2 ) ∈ A4(S4)Q
(the correspondence ptr is a projector on ∧2H 2t r(S)).
It follows from theorem 3.1 that
(ptr )∗A0(S × S)Q = 0 .
Using the Bloch-Srinivas method [9], this implies ptr is rationally equivalent to a cycle
supported on S × S × D, where D ⊂ S × S is a divisor. It follows that
∧2H 2t r(S) = (ptr)∗H 4(S × S)
is supported on D. 
4. Decomposable cycles
Let S be a surface. The study of the decomposable cycles, i.e. the image of the
intersection map
A1(S)Q ⊗ A1(S)Q → A2(S)Q
is an active research topic. For K3 surfaces, the group of decomposable cycles has dimen-
sion 1 [5].2
For high degree surfaces in P3, the dimension of the group of decomposable cycles
can become arbitrarily large [27]. For abelian surfaces, it is well-known that all 0-cycles
are decomposable [6]. The same holds for the Fano surface of lines on a cubic threefold [7,
Example 1.7].
Surfaces with pg = 1 and q = 2 split in two cases: those with surjective Albanese
map, and those where the image of the Albanese map is a curve. The first case behaves
like abelian varieties (proposition 4.1). In the second case, there are non-decomposable
zero-cycles (proposition 4.2). Conjecturally, a stronger statement holds (conjecture 4.3).
PROPOSITION 4.1. Let S be a surface with pg (S) = 1 and q(S) = 2. Assume the
image of the Albanese map has dimension 2. Then the intersection map
A1(S)Q ⊗ A1(S)Q → A2(S)Q
is surjective.
2There are related results in higher dimension: Let X be a Calabi-Yau complete intersection, and dim X = n.
Then
Im
(
Aj (X)Q ⊗ An−j (X)Q → An(X)Q
)
has dimension 1, for any 0 < j < n [40], [15].
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Proof. We have seen (proposition 3.3) that in this case the Albanese map α induces
an isomorphism of motives
Γα : h(S)
∼=−→ h(A) in Mhom
(where A := Alb(S)). Since α is finite and surjective, the composition α∗α∗ : H ∗(A) →
H ∗(A) is a multiple of the identity. This implies α∗ is an isomorphism on cohomology, and
so there is an isomorphism of motives
t Γα : h(A)
∼=−→ h(S) in Mhom .
By finite-dimensionality, we get an isomorphism of Chow motives
tΓα : h(A)
∼=−→ h(S) in Mrat .
This implies an isomorphism of rings
α∗ : A∗(A)Q
∼=−→ A∗(S)Q .
The proposition now follows, since zero-cycles on abelian varieties are decomposable
[6]. 
PROPOSITION 4.2. Let S be a surface with pg (S) = 1 and q(S) = 2. Assume the
image of the Albanese map has dimension < 2. Then the intersection map
A1hom(S)Q ⊗ A1hom(S)Q → A2AJ (S)Q
is not surjective.
Proof. In this case, S is generalized hyperelliptic, more precisely S is of the form
S = (C × E)/G ,
where E is an elliptic curve and E/G is a rational curve [30, Proof of Proposition 4.4]. It
follows that
H 1(S,Q) = H 1(C × E,Q)G = H 1(C,Q)G ⊕ H 1(E,Q)G = H 1(C,Q)G .
This implies that the cup product map
H 1(S,OS) ⊗ H 1(S,OS) → H 2(S,OS)
is zero (indeed, it factors over
H 1(C/G,OC/G) ⊗ H 1(C/G,OC/G) → H 2(C/G,OC/G) ,
which clearly must be zero.)
Suppose now the intersection map
A1hom(S)Q ⊗ A1hom(S)Q → A2AJ (S)Q
were surjective. Then it follows from [14] that also
H 1(S,OS) ⊗ H 1(S,OS) → H 2(S,OS)
is surjective. This is a contradiction. 
Conjecturally, something stronger is true:
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CONJECTURE 4.3. Let S be a surface with pg (S) = 1 and q(S) = 2. Assume the
image of the Albanese map has dimension < 2. Then the intersection map
A1hom(S)Q ⊗ A1hom(S)Q → A2AJ (S)Q
is zero.
REMARK 4.4. The “motivation” underlying conjecture 4.3 is as follows. The map
A1hom(S)Q ⊗ A1hom(S)Q → A2AJ (S)Q
should be somehow related to the cup product map
H 1(S,OS) ⊗ H 1(S,OS) → H 2(S,OS) .
But we have seen this cup product map is zero.
I can prove conjecture 4.3 is true if there exists a Chow motive dc(S) ∈ Mrat respon-
sible for the decomposable cycles, i.e. such that
A∗(dc(S)) = Im(A1(S)Q ⊗ A1(S)Q → A2(S)Q
)
.
Can one construct such a motive dc(S) ? This is likely to be related to the concept of
“multiplicative Chow-Künneth decomposition” of Shen-Vial [33], [38].
REMARK 4.5. Let S be a surface with finite-dimensional motive, and suppose that
the cup product map
cp : H 1(S,OS) ⊗ H 1(S,OS) → H 2(S,OS)
is surjective. Then it follows from [24, Theorem 3] that also the intersection product
ip : A1hom(S)Q ⊗ A1hom(S)Q → A2AJ (S)Q
is surjective (i.e., all Abel-Jacobi trivial zero-cycles are decomposable). However, the con-
jectural implication discussed in remark 4.4 (i.e., if cp is zero then also ip is zero) appears
to be more difficult to prove.
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